Abstract. We investigate whether a self-interacting Brans-Dicke theory in d = 5 without matter and with a time-dependent metric can describe, after dimensional reduction to d = 4, the FLRW model with accelerated expansion and non-relativistic matter. By rewriting the effective 4-dimensional theory as an autonomous three-dimensional dynamical system and studying its critical points, we show that the ΛCDM cosmology cannot emerge from such a model. This result suggests that a richer structure in d = 5 may be needed to obtain the accelerated expansion as well as the matter content of the 4-dimensional universe. 
Introduction
Several observations (such as SNe Ia, baryon acoustic oscillations, and the cosmic microwave background, see for instance [1] ) indicate that the universe is currently undergoing an accelerated expansion. In the framework of the Standard Cosmological Model, such an expansion is only possible if matter with unusual properties is added as a source of Einstein's Equations (EE) [2] . The simplest candidate is the cosmological constant, but there is a huge discrepancy between its theoretical value and the one that follows from observations [3] . Models with scalar or vector fields (see [4] for a review of these and other candidates) have also been considered to describe what is known as dark energy. Since none of these proposals is free of problems, several alternatives that avoid the introduction of dark energy have been investigated. Among them we can mention theories of gravity that go beyond General Relativity [5] and inhomogeneous cosmological models [6] . Yet another interesting proposal is based on the hypothesis that the dimensionality of the universe is actually greater than four. The common theme in the many realizations of this idea is that an effective energy-momentum tensor of purely geometrical origin, generated by the reduction of some theory of gravitation defined in d > 4 to d = 4, is used to generate the accelerated expansion and/or ordinary matter.
In particular, the reduction of gravitational theories from d = 5 to d = 4 has been repeatedly explored in the literature [7] . An appealing example of this type was presented in [8] , where the energy-momentum of ordinary matter in d = 4 arises from the extra-dimensional sector of the theory defined by G AB = 0.
1
More generally, theories in which the matter content in d = 4 is induced by dimensional reduction of the vacuum equations of a gravitational theory defined in d = 5 are generically known today as Induced Matter Theories (IMT) [7] . They have been extended in several directions, such as Brans-Dicke (BD) theory [9, 10, 11, 12, 13, 14] 2 , f (R) theories [17, 18] , and f (R, T ) theories [19] . Here we shall investigate the possibility of describing the accelerated expansion of the 4-dimensional universe as well as ordinary matter starting from BD theory in the presence of a potential in d = 5. Cosmological evolution in selfinteracting BD theory has been studied both in d = 4 (see for instance [20, 21, 22] ) and in d = 5 [23] . We shall show that in an appropriate cosmological setting, the d = 5 selfinteracting BD theory is equivalent to a self-interacting BD theory in d = 4 plus an extra scalar field (associated to the time-dependence of the metric coefficient of the fifth dimension), which is suitable for the application of dynamical analysis methods. In particular, by imposing that the critical points of the dynamical system are deSitter-like, it is possible to determine whether the effective model in d = 4 can describe the accelerated expansion as well as the matter content of the 4-dimensional universe.
The paper is organized as follows. In Sec. 2, we obtain the effective theory in d = 4 starting from a BD theory in vacuum in d = 5 and in the presence of a potential. In Sec.
3, we write the field equations in d = 4 as an autonomous three-dimensional dynamical system, and obtain its critical points, under the assumption thatḢ = 0. We pay special attention to the eigenvalues of the linearization matrix associated to each critical point, and search for ranges of the parameters of the model such that the critical point is a stable one. We close with some comments in Sec. 4.
2 Brans-Dicke Theory in d = 5 and its reduction to d = 4
Our starting point is BD theory of gravity in five dimensions, with the action in the Jordan frame given by
where (5) γ, is the determinant of the 5-dimensional metric γ AB , φ is the BD scalar field directly coupled to the 5-dimensional Ricci scalar (5) R, ∇ A is the covariant derivative in d = 5, ω is the BD parameter and V (φ) is the scalar field potential. The variation of the action wrt γ AB yields
where
R. Variation of the action given in Eqn.(1) wrt φ results in
where the prime (′) denotes derivative with respect to φ. Taking the trace of Eqn. (2) we find
which, when substituted in (3) yields
We shall show next how Eqns. (2) and (5) are reduced to d = 4 in a particular cosmological setting, giving as a result the usual BD theory with the addition of an extra scalar field, whose dynamics and coupling to φ are determined by the reduction.
3
In the coordinate chart y A = {x µ , z} we consider the 5D line element
3 For a generalization of this procedure to an arbitrary number of dimensions see [24] .
where t is the time, (r, θ, φ) are spherical coordinates on the hypersurfaces t = constant, z = constant, and z is the coordinate along the extra dimension, which we assume to be spacelike. The metric describing the standard cosmological model in d = 4 is recovered by restricting this line element to a hypersurface Σ 0 defined by z = z 0 =constant. In order to obtain the effective field equations in d = 4 from the dimensional reduction of Eqns. (2) and (5), the following expressions were employed:
where D α denotes the 4D covariant derivative and
A long but straightforward calculation using all these expressions leads to the equations of the effective theory in d = 4 . The equation for the BD field that follows from Eqn. (5) is
From Eqn.(2), with A = B = 0, it follows that
The spatial components of Eqn.(2), corresponding to A = i and B = j, can be written as
.
Finally, setting with A = B = z in Eqn. (2), we obtain
(11) These equations reduce to those presented in [11] , when the vacuum and homogeneous case is considered in the latter. We shall show next that Eqns. (8)- (11) can be written as an autonomous 3-dimensional dynamical system.
Dynamical system
In terms of the variables (see for instance [25] )
Eqn. (9) is written as
and acts as a constraint. From Eqn.(11) it follows thaṫ
The actual dynamical system follows from Eqns. (8)- (10), and it is given by
is assumed to be a function of λ. Table 1 shows the critical points of the system given by Eqns. (14)- (15), under the assumption thatḢ = 0, which corresponds to a deSitter expansion compatible with the latest observations, as mentioned in the Introduction. We shall discard the critical point P 1 since it leads to y 2 < 0. Points P 3 and P 4 shall also be discarded because each of them is associated to a single value of ω. Hence we shall focus the analysis on P 2± , P 5± , and P 6 .
We shall study next the dynamical system given above by applying standard techniques, which include the introduction of new variables centered at the critical point, and the linearization of the system, from which it is possible to calculate the dependence of the Hubble parameter with powers of the expansion factor. Such powers will depend of the eigenvalues of the linearization matrix at each critical point (for details, see [26] and references therein). Hence we shall begin with the analysis of the behaviour of the eigenvalues of the linearization matrix with ω. The aim will be to obtain ranges for ω such that a given critical point is a stable node (for which all the eigenvalues must be real and negative), or a stable focus (characterized by one real and negative eigenvalue, and two complex eigenvalues with negative real part). Hence, only if the eigenvalues are such that their real part is negative for some range of values of ω, we shall proceed with the calculation of H(a).
The linearization matrix of the system in Eqns. (14)-(15) at a given critical point is given by
where We shall analyze next the behaviour of the eigenvalues of this matrix at each critical point.
P 2±
Since λ = 0 for these critical points, it follows from the expression of the matrix A, given in Eqn. (16) , that the eigenvalues do not depend of the explicit expression of Γ . Hence, the results that follow will be valid for φ = φ c = 0 Table 1 : Critical points of the system given by Eqns. (14)- (15) withḢ = 0. As explained in the text, only P 2± , P 5± , and P 6 will be considered in the subsequent analysis. The parameter β is given by β = 1 Γ −1 .
P 2+
The eigenvalues of the matrix A for this critical point are given by Fig. 1 shows the behaviour with ω of the real part of each eigenvalue associated to P 2+ . The plots show that there are no values of ω such that the real part of the three eigenvalues is real and negative. Consequently, P 2+ cannot be a stable point, and the behaviour of the system close to P 2+ cannot approach the one currently displayed by the ΛCDM model.
P 2−
The eigenvalues in this case are given by the following expressions: Fig. 2 shows the plots of the real part of each eigenvalue associated to P 2− . The plots show that there is no in- terval of values of ω such that the real part of the three eigenvalues is negative.
P 5±
The critical points P 5± depend of the potential through the condition λ = β. Since the eigenvalues for arbitrary values of ω and β are given by long algebraic expressions, we restrict here to the potential V (φ) = V 0 φ n , such that β = λ = −n for every value of V 0 and n. This choice is justified by the fact that several effective quantum field theories can be related to his kind of self-interacting potential [27] . In particular, we shall examine the cases n = 2 and n = 4, frequently considered in cosmological scenarios (see for instance [21, 28, 29] ).
P 5+
The real part of the eigenvalues corresponding to the critical point P 5+ are plotted in Fig. 3 for n = 2 and n = 4. None of the cases is associated to a stable critical point withḢ = 0.
P 5−
The eigenvalues are plotted in Fig. 4 for n = 2 and n = 4, and they fail to comply with the condition that their real part be negative.
P 6
The expression for the eigenvalues is in this case the following:
with Γ (−1) = 0. 4 The eigenvalues are shown in Fig. 5 for dΓ (λ) dλ λc = −1.8 . We see that, in spite of the fact that the real part of the three eigenvalues is negative, the eigenvalue a 1 could be associated to non-relativistic matter (i.e. is such that Re(a 1 ) = −3) only for a unique value of ω. Note that, although this conclusion follows from a particular value of
, the same will happen for any other value of the derivative compatible with the restrictions, due to the specific form of the dependence of a 1 with the derivative. Hence, P 6 should also be discarded.
Discussion
We have examined whether a 4-dimensional universe in accelerated expansion and containing non-relativistic matter can be obtained by dimensional reduction of a selfinteracting BD theory defined in d = 5. The study required rewriting the equations of the system as an autonomous 3-dimensional dynamical system. The analysis 4 Given any function Γ (λ) such that Γ (−1) = 0, and
= constant, the explicit form of the potential can in principle be obtained from such a function and the definition of λ. of the eigenvalues of the linearized system shows that it has no stable equilibrium points subject to the conditioṅ H = 0, except for the critical point P 6 , which is a stable critical point, but can describe non-relativistic matter only for a unique value of ω (given a value of dΓ (λ) dλ λc compatible with the restrictions) . Hence, the model cannot mimic the ΛCDM dynamics. This conclusion was obtained in full generality for P 2± and P 6 , and for V (φ) = V 0 φ n and n = 2, 4 in the case of P 5± . The failure of the model presented here in describing both the accelerated expansion and the matter content of the 4-dimensional universe should perhaps be taken as an indication that more complex models are needed, such as those in presented in [11] , where the metric coefficient of the extra dimension is a function of both time and the extra coordinate. We hope to go back to these ideas in a future publication. 
